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On the lower bound of the discrepancy of 
Halton’s sequence II 

Mordechay B. Levin 


Abstract 


Let (H s (n)) n >i be an s —dimensional generalized Halton’s sequence. 
Let D* n be the discrepancy of the sequence (H s (n))^ =1 . It is known 
that D* n = 0(ln s N) as N —>• oo. In this paper, we prove that this 
estimate is exact. Namely, there exists a constant C{H S ) > 0, such 
that 


max MD* m > C{H S ) logf N for N = 2,3,... . 


Key words: Halton’s sequence, ergodic adding machine. 

2010 Mathematics Subject Classification. Primary 11K38. 

1 Introduction 

Let (/3 n ) n >i be a sequence in the unit cube [0, l) s , B y = [0, yi) x • • • x [0, y s ), 



( 1 . 1 ) 


where l#( x ) = 1, if x G B, and l By (x) = 0, if x ^ B. 

We define the star discrepancy of an IV-point set (/3 n )^ =1 as 


£>•(( Pn)Li) = sup 0<s , |A(B y , (/?„)" i)/JV|. (1.2) 


In 1954, Roth proved that 


lim sup^^oo N (In N) i D*((p n )* =1 ) > 0. 
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According to the well-known conjecture (see, e.g., [BeCh, p.283]), this esti¬ 
mate can be improved to 

lim sup^-s-cx, N (In N)~ s D*((f3 n )^ =1 ) > 0. (1.3) 


In 1972, W. Schmidt proved this conjecture for s — 1. For s — 2, Fame and 
Chaix [FaCh] proved (jl.3[) for a class of (£, s)— sequences. See [Bi] for the 
most important results on this conjecture. 

Definition. An s-dimensional sequence ((/3 n ) n > i) is of low discre¬ 
pancy (abbreviated l.d.s.) if D*((/3 n )^ =1 ) = 0(N~ 1 (lnN) s ) for N —> oo. 

Let p > 2 be an integer 

n = Yl e pJ (n) G {0,1,... ,p - 1}, and <j> p (n) = ^ e pJ (n)p~ J . 

3 >1 3 >1 


Van der Corput proved that (4> P (n )) n >o is a 1—dimensional l.d.s. (see [VC]). 
Let 

H s (n) = (^(n),...,0 # ,(n)), n = 0,1,2,..., 

where pi,...,p s > 2 are pairwise coprime integers. Halton proved that 
(H s ( n ))n>o is a n s—dimensional l.d.s. (see [Ha]). For other examples of 
l.d.s. see e.g. in [BeCh], [FKP], [Ni]. In [Le2] we proved that Halton’s 
sequence satisfies (11.31) . In this paper we generalize this result. 

Let Q — (qi, q 2 , ■■■■) and Q 3 = qiq 2 ....qj , where q 3 >2 (j — 1, 2,...) is a 
sequence of integers. Consider Cantor’s expansion of x G [0,1) : 


x = 


i 


x. 


■IQ. 


3i 


X, 


G {0,1,..., qj — 1}, 


Xj qj — 1 for infinitely many j. 


The Q —adic representation of x is then unique. We define the odometer 
transform 


T Q (x) := (x k +-l)/Q k + J2 j>k+ pj/Qj, Tq(x)=T q (T%- 1 (x)), ( 1 . 4 ) 

n = 2, 3,..., Tq(x) = x, where k = min{) | x 3 ^ qi — 1}. 

For Q = (q,q, ....), we obtain von Neumann-Kakutani’s q— adic adding 
machine (see, e.g., [FKP]). As is known, the sequence (Tq(x)) u > i coincides 
for x = 0 with the van der Corput sequence (see e.g., [FKP, §2.5]). 

Let hi > 1, q t , 3 > 2 be integers (1 < j < hi, 1 < i < s ), p lj3 G 
Ui,i, g-c.d.(qi, k ,q j: i) = lfor i^j,V t = (Pi,i,Pi, 2 , ■■■), V = (Pi,..., V 8 ), 

Pi,o = 1, hj = II Pi,k, i e [1,5], j > 1, Tp(x) = (T-p^xf), ...,T Vs (x s )), 

1 <k<j 
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n = ^2 e PijA n )Pi,j-^ e Pi,jA n ) e {°> !, • • • ,Pij - !}, n = 0,1,... , (1.5) 

3> 1 

^(") = #p(«) = (^i(^), • • • ,^.(n)). (1-6) 

i>i 

We note that Hp(n ) = Tfi( 0) for n = 0,1,... . 

Let Ej = (cTj,^)j>i be a sequence of corresponding permutations a id of 
{0,1, - 1} for j > 1, E = (Ei,..., E s ), x = (aq, ...,x a ), 

E(x) = (Ei(aq),...,E s (aq,)), E i(xi) = T^iAxiA/Pi^ x i = Y. X i,j/Pj,j- 

j >i j>i 

We consider the following generalization of the Halton sequence (see [Fa], [He], 
[FKP]): 

Hg(n,x) = E(T£(x)), n = 0,l,2,... . (1.7) 

We note that (H^(n, x)) n > 0 coincides for x = 0 and s = 1 with the Faure 
sequence Sq [Fa]. Similarly to [Ni, p.29-31], we get that x)) n > 0 is of 

low discrepancy. 


2 The Theorem and its proof 

In this section we will prove 

Theorem. Let s > 2, h 0 = max, hi, go = niaxjj q t) j, C\ = 2sh 0 qQ log 2 g 0 
and C = 2 s+3 s s hQqf log s 2 q 0 , log 2 N > 2q^ 1 Ci. Then 

inf max AfD*((fl'|(n,x))^ 1 ) > C^ 1 log]] TV. (2.1) 

xg[0,l) s 1<M<7V j/n-u — \ ) 

This result supports conjecture (II.3p (see also [Lei] and [Le3]). 

First we will construct a double sequence {Tij)i<i<s,j>i- bi order to con¬ 
struct Ai,j)i<i<s,j<h we define auxiliary sequences Jz?^, L\ m \ ... as 

follows. 


2.1 Construction of the sequence (r,j). 

Let m = [log 90 (iV)/s—1] with g 0 = max^- q id , a u = (mod p id ), 

£ {1) ■■■iPi,j l} - ! 


t ( m ) _ n 


= i 1 < k < m I Pi,k = Qij, ai, k = Oij}, (2.2) 
, „ _max ., where g^ m e [1, K] , 
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di &z,m ^ 


- 1], 1 < i < s- We enumerate the set 

= ft,*<•••<*,, l<->}- 


We see that 

(m) 


L\ > m/(hig 0 ) and a Mi> . = a h i = 1,s, j = 1,m. (2.3) 
Let pi = p J m) = , po = P ( 0 m) = P1P2 ■■■p s , Pi = Po/Pi and 

-{!<*< d m) I P,-,l = b (mod ft)}. (2.4) 


We define F t , m and bi = 6- m ' ) as follows: 


F . = F (n) = ftjrw = #^ 7 , m = min F) 

’ 1 0 <b<pi ’ 1<4<« 


:(m) 


-(m) 


(m) 


(2.5) 


( 2 . 6 ) 


It is easy to see that 

m > min m/ ( KqoPi ) > mho 1( ?cT S > C'f 1 log 9 iV, 

l<i<s 

with C'i = 2sh 0 qQ log 2 go- We enumerate the set : 

FS = {/« <-< An}. 

Let k (&1? •••? fc a ), 5 k (^1,/ci j •••? -P Pi,Ti^ 


ft = 11**. Mj jk = M ijTk) with M ijk = (mod P ijfci ). (2.7) 

i=l l< 7 <sj^i 

By (I2.4|) . we have that (bi,pi) = 1 and ( bj,pi ) = 1 for i ^ j ( i,j = 1,..., s). 
Let Cj = Ylicjcs j^i^j ( m °d Pi)- According to (12.3p . (j2,4|) and (I2.7|) . we obtain 

(ci,Pi) = 1, Mj jk = d (mod pi) and a iiTitj = a*, j > 1, i = 1, (2.8) 

Let 

pi = g.c.d.(ai,pi), Pi = Pi/Pi, ca = Ck/Pi, d t = c, ; a, ; (mod pi), 
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di G {1 — 1}. Hence 


di/pi = CjOj/p* (mod 1), (di,pi) = 1, and pi > l, i = 1, ...,s. (2.9) 


Let m = (m, From (II.5[) and (12.71) . we derive 


2^m < 2 [I , II ">^ 2 9o"‘ s % 


s[s Hog qo N] 


< N. 


( 2 . 10 ) 


2.2 Using the Chinese Remainder Theorem. 

Let Xi = with Xij G {0,1, — 1}, i = 1, We define 

the truncation 

[Xi\ r = ^ X i,jPi~2 With r > 1- 

l<j<r 

If' x — (xi,... ,x s ) G [0, l) s , then the truncation [x] r is defined coordinatewise, 
that is, [x] r = ([xi] ri ,..., [x s ]r a ), where r = (n, ...,r s ). 

By (11.61) . we have 

[PVi{n)]ri = \ x i]n n= y i (mod P i>r ). 

l<j<r 


Applying (12.71) and the Chinese Remainder Theorem, we get 

[H-p(ri)\ r = [x] r -<=>■ n = x r (mod P r ), (2.11) 

S 

x r = y Mi, r p r pr r ) y XijPij -1 (mod P r ), x r G [0,P r ). (2.12) 

i=l l<j<r 

It is easy to verify that if r\ > r*, i = 1,..., s, then 

x r > = x r (mod P r ). (2.13) 

According to (ll.4j) . we get 

if [w] r = [x] r , then [T£(w)] r = [T£(x)] r , n = 0,1,... . 

From (11.41) . (jl.6[) and (12.111) . we obtain 

K v ( 0)] r = [H v (W)]r = [x] r , W = x T . 
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Hence 

[T£(x)] r = [T£{Tg{ 0))] r = [T£ +w { 0)] r = [H s {n + W)] r . 

Let 

LF m (x) := x m G [0, P m ). (2.14) 

Therefore 

[Tp(x)] r = [iTp(n + W m (x))] r 1 < rj < m, 1 < i < s, n > 0. (2.15) 


2.3 Construction of boundary points y±, ..., ?/ s and u ±,..., w s . 

Let y = (yi,...,y s ) with y t = Ei <j< m p ij> and let tote = Ei <j<in P ij> 
ki>l,i = l, ..., s, k = (fci,..., fc s ), 

B y = [0, Vl ) x ■ • • x [0, t/ s ), P (k) = - Pr£, y iX ). (2.16) 

We deduce 

m m 

B y= U ^ (k) , and l By (z)-yi •••!/, = ^ (l B(k) (z)-P k 1 ). (2.17) 

ki,...,k s =l ki,...,k s =l 

Let u = (u u ...,u 8 ), Ui = EJ>”l UijPij with u i,j = = <L~/(0), 


T i,ki 1 


u< k > = with «<*>_ £ UijPy'+^p-^, (2.18) 

3 = 1 


,Oi) 


TV fc • 1 


«« = 


^M i;k P k P ife M ^ + (modPk), 


Z=1 

s 


. 7=1 


T i,k,A 


h k = ^ Tf i)k P k P i ^ ^ UijPij -1 (mod P k ), h (k) , h k G [0, P k ). 

i=l J=1 

According to fl2.2p - 02.7p . we have p ijTi fc = ki = 1,..., m, i = 1,..., s. 
By Q, we get a iiT . fe . = <7^.(0) - ~ (modp*). 

From 02.81) . we obtain a^ Tik , = a*, k % = 1, i = 1, Hence 




= h k + A k (mod P k ), where A k = M lk P^p l 1 a i (mod P k ) (2.19) 

z —*%=l 
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with A k G [0, P k ). 

Let w = (it?!, ...,w s ) := H^(n, x) = E(Tp(x)). 
We see from (12. 16j> and (I2.18j> that 


w G 


P (k) <G> Wij = y itj , j G [1 ,r iM ), w^ Tik . = 0, i G [l,s] CTij(wij) 


1 < J < T i)fci - 1, (Tij{w iiTiiki ) = u* T . ki ,i = 1, s [7p(x)] Tk = u 
Applying OMI]), (J2A2D, (12H5P . (ESP and (l2A9ll . we have 


— Uij 

{k) . 


Pf (n, x) G P (k) [Tp(x)] Tk = uW [F P (n + W m (x))] Tk = u (k > 

n + W m (x) = (mod P k ) n = v m + A k (mod P k ), 

where n m = -W m (x) + u m = -W m (x) + u k (mod P k ) and v m G [0, P m ). 
Hence 


Pp(n,x) G P (k) -<=>■ n = v m + A k (mod P k ), v m G [0,P m ), n > 0. (2.20) 


Completion of the proof of Theorem. 
Lemma 1. Let 


Qtm. • 


-= jrll A( -ByAHrM) 


Vm+M— 1 \ 

n=v m ) 


M= 1 


Then 


Otm — ^ ^ 


1 A k 1 

2 P k 2 P k 


Proof. Let P n := Pp(n, x). Using (I2.20p . we have 

■Pm + ( M i +1) — 1 

£ (W«») - .0 = o 

n=v m +MiP k 


and 


( 2 . 21 ) 


( 2 . 22 ) 


(2.23) 


Vm+MlPk+M2 — l 

£ (WH„) - pp) = £ (Wwj-Pp) 

n=!J m +MlP k ne[»m,»m+M2) 
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£ 1 - M 2 P^ = 1 [0 ,M 2 )(^) - M 2 P k \ 

n£[v m ,Vm+M 2 ),n=Vm+Ak 

with Mi > 0 and M 2 G [0, P k), Mi, M 2 G Z. 

From (II.ip and (12.171) . we get 

Vm+M — l 

A (By. = £ (1 fly 


m Vm~\-M —1 

= d( k ,M), with p(k,M)= ^ (l B (k)CH n ) -Pk 1 ). (2.24) 

fcj ,.• • ,/c s — 1 

By ( 12.211) . we obtain 


n=Vm 


a m = ^ Om.k, with a mik = — ^ p(k,M). 


(2.25) 


M=1 


Bearing in mind (12.23[) ~ (j2.24p . we derive 

Pm/Pk — 1 Pk W m +iV/iPk —1 

<w = jr- £ £( £ (WWJ--P.T 1 ) 

m Mi=0 M 2 = l n=v m 


Vm ~\~Ml P k +M 2 — 1 


Pxn/Pv. — 1 Pj 


+ £ (ww.j-p.t 1 )) = F - £ (i w ( 4 )-M.f,' 


n=i) m +AfiP k 

Pk 


1 V ("l ( 1 ) ItP-Pk( J Pk + l)_l 7l k 1 

A ^ (l[0,M 2 )(^)-M 2J P k ) - — — 5— - 2 -pr~^K- 


P k 

m 2 =1 

Using (12.251) . we have 




£ 

£( 

Mi=0 

m 2 =i 

^4k 

/ ; k(/ ; k 


2^ 

^k 

1 \ 

P k 

l 

to 


Hence Lemma 1 is proved. 


Lemma 2. BM/i notations as above, 


m 


\o( m \ > -— for m> 2p 0 . 

4p 0 


(2.26) 

















Proof. From (12.8ft and (12.19ft . we get 


[o,i)^ = E VkP^/^ 

k 1<*<S 

Applying (ESP and (12.22ft . we derive 
'1 


c icn 
Pi 


+ ••• + 


Ps 


(mod 1). 


Otm. — ^ 


5-{<•} - £ 




1 , <A gL 

, with « = — + ••• + —, (2.27) 
2-Pk Pi Ps 


where (di,p?) = 1, pi > 1, i = 1, ...,s. and {x} is the fractional part of x. 

We have that if p 0 = pip 2 ■ ■ -p s / 0 (mod 2) then a / 1/2 (mod 1). Let 

= 0 (mod 2) for some i/ G [1, s], and let a = 1/2 (mod 1). Then 

(p^/2 - d u )/p u = ^ di/pi (modi) and ai = a 2 (modp 0 ), 

l<i<s, 


with ai = po(p v /2 - d v )jp v and a 2 = Yi^„Podi/pi. Let j G [1, s] and j / v. 
We see that a± = 0 (mod pj ) and a 2 / 0 (mod pj ). We get a contradiction. 
Hence a / 1/2 (mod 1). We have 


2 ' a 


d\ d s 

- ~ < ( v 1 + • • • + v 1 


Pi 


Ps 


=-, with some integer a. 

2p 0 


Thus 11/2 - {a}| > 1/(2p 0 ) > l/(2p 0 ) with p 0 = p v ..p s , (p 0 , p 0 ) = p 0 . 
Bearing in mind that P k > 2 kl+k2+ "' +ks , we obtain from (12. 2 7ft that 

, m s 1 m s . «n m s 

\a m \ > --- = —(1 - ^) > — for m > 2p 0 - (2.28) 

2p 0 2 2p 0 4p 0 

Hence Lemma 2 is proved. ■ 

Going back to the proof of Theorem, by (12.11) and (12.61) . we get 


m s (4p 0 ) 1 > (4p 0 ) 1 C l s log 2 N = 2C 1 log 2 N, and m> C 1 1 log 2 N > 2 p 0 , 

where C!\ = 2s/io?o l°g 2 Qo and C = (Spo) -1 ^ = 2 s+3 s s h s 0 qQ log 2 go- 
Using (12.1 Op and (12.2011 . we have that v rn + P Tm < 2P m < N. 

According to (12.281) . (12.21)1 and (II.2)1 . we obtain 

2C- 1 log*iV < ^ s (4p 0 ) _1 < \a m \ < sup MD*((H%(n, x))^- 1 ) 

1 <M<P m 
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< sup Mzr((/f|(n,x))^f- 1 )< 2 sup MD*((H$(n, x))f =1 ). 

l<L,L+M<2P m 1<M<N 

Hence the Theorem is proved. ■ 
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